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Abstract
A solution of a linear delay differential equation can have an infinite number of isolated zeros on a finite interval.
As is well known, for ordinary differential equations this is impossible.
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As is well known, there exist upper and lower bounds for the distance between two adjacent zeros for
a solution of the linear ordinary differential equation
x¨(t) + q(t)x(t) = 0; x(a) = x(b) = 0, x(t) = 0,∀t ∈ (a, b). (1)
The simplest upper bound is the following: b − a ≤ π
µ
, where q(t) ≥ µ2.
Lower bounds can be obtained by Lyapunov’s theorem (see Cor. 5.2 [1]):∫ b
a
q+(t)dt >
4
b − a , q
+(t) := 1
2
[q(t) + |q(t)|].
In particular, this inequality implies the number of zeros for any solution of (1) is finite on any finite
interval (see [1], Chap. IV).
The situation for delay differential equations (both first and second order) is absolutely different. For
these equations the phenomenon of “sticking together” for two solutions on some interval is possible.
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For example, the solution of the initial value problem
x˙(t) + x(t − 2π) = 0, t ∈ [0, 2π ]
x(θ) = ϕ(θ), θ ∈ [−2π, 0]
}
, (2)
where
ϕ(θ) =


sin θ, θ ∈ [−2π,−π ]
0, θ ∈
[
−π,−π
2
]
4
π
θ + 2, θ ∈
[
−π
2
, 0
]
is the function
x(t) =


1 + cos t, t ∈ [0, π ]
0, t ∈
[
π,
3π
2
]
2
π
(
t − 3π
2
)2
, t ∈
[
3π
2
, 2π
] (3)
which sticks together with the zero solution on the interval [π, 3π2 ].
It is also not difficult to construct a similar example for the second order delay differential equation
x¨(t) + q(t)x(t − σ) = 0, t ≥ 0
x(θ) = ϕ(θ), x˙(θ) = ψ(θ), θ ∈ (−σ, 0)
}
. (4)
In connection with this result the following important problem arises:
Let x(t) be a solution of (4) which does not stick together with zero on any interval. Can we guarantee
that this solution has only a finite number of zeros on any finite interval?
We are aware of an attempt to publish an erroneous positive answer to this question. This stimulates
us to write this note, since the answer on this question is negative. Consider the initial value problem
x¨(t) + x(t − 2π) = 0, t ∈ [0, 2π ]
x(θ) = ϕ(θ), x˙(θ) = 2, θ ∈ [−2π, 0]
}
, (5)
where
ϕ(θ) :=


sin θ, θ ∈ [−2π,−π ]
h(θ), θ ∈
[
−π,−π
2
]
−2θ − π, θ ∈
[
−π
2
, 0
]
,
h(θ) := d
2
dθ2
[g(θ)], g(θ) :=


(θ + π)3
(
θ + π
2
)5
sin
(
1
θ + π2
)
, θ ∈
[
−π,−π
2
)
0, θ = −π
2
.
It is easy to see that
g(θ) ∈ C2
[
−π,−π
2
]
, g(k)(−π) = g(k)
(
−π
2
)
= 0, k = 0, 1, 2;
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and the function
x(t) =


t + sin t − π, t ∈ [0, π ]
−g(t − 2π), t ∈
[
π,
3π
2
]
1
3
(
t − 3π
2
)3
, t ∈
[
3π
2
, 2π
]
is a solution of (5) which does not stick together with zero but has a sequence of isolated zeros
tn = 3π2 − 1nπ , n ∈ N on a finite interval.
This example, in particular, shows that any attempt to obtain any lower bound for the distance between
two adjacent zeros for a solution of Eq. (5) will lead to failure.
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